Dark Matter and Dark Energy via Non-Perturbative (Flavour) Vacua 



Walter Tarantino* 

King's College London, Department of Physics, Strand, London WC2R 2LS, UK. 

A non-perturbative field theoretical approach to flavour physics (Blasone-Vitiello formalism) has 
been shown to imply a highly non-trivial vacuum state. Although still far from representing a 
satisfactory framework for a coherent and complete characterization of flavour states, in recent 
years the formalism has received attention for its possible implications at cosmological scales. In a 
previous work, we implemented the approach on a simple supersymmetric model (free Wess-Zumino), 
with flavour mixing, which was regarded as a model for free neutrinos and sneutrinos. The resulting 
effective vacuum (called flavour vacuum) was found to be characterized by a strong SUSY breaking. 
In this paper we explore the phenomenology of the model and we argue that the flavour vacuum is a 
consistent source for both Dark Energy (thanks to the bosonic sector of the model) and Dark Matter 
(via the fermionic one). Quite remarkably, besides the parameters connected with neutrino physics, 
in this model no other parameters have been introduced, possibly leading to a predictive theory 
of Dark Energy/Matter. Despite its oversimplification, such a toy model already seems capable 
to shed some light on the observed energy hierarchy between neutrino physics, Dark Energy and 
Dark Matter. Furthermore, we move a step forth in the construction of a more realistic theory, by 
presenting a novel approach for calculating relevant quantities and hence extending some results to 
interactive theories, in a completely non-perturbative way. 
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INTRODUCTION 

Neutrino Flavour Oscillation is nowadays a fairly well- 
established fact, thanks to a wide range of experimen- 
tal evidences [59]. A simple quantum mechanical model 
(based on the work of Pontecorvo, Maki, Nagawa, and 
Sakata [36, 48, 56, 57]) is commonly considered as suf- 
ficient for accounting for experimental data. How- 
ever, this hides non-trivial difficulties in the formula- 
tion of flavour oscillations in a Quantum Field Theoret- 
ical (QFT) framework [3]. Flavour states indeed do not 
represent correct asymptotic states (by definition, since 
their oscillating behaviour), which are required in the 
usual perturbative approach to QFT (in the Lehmann, 
Symanzik and Zimmermann scheme). 
More than a decade ago, a non-perturbative approach for 
building flavour states was suggested by Blasone, Vitiello 
and coworkers (BV formalism for flavour physics) [12]. A 
first version was proposed in 1995 [12], but some incon- 
sistencies in the derivation of oscillation formulae were 
noticed [17, 20, 31, 32] shortly after; a revisited version, 
in which these discrepancies were clarified and removed, 
was suggested and developed [15, 18, 19, 41, 42] later on 
[3]. However, for some aspects, the formalism remains 
controversial and its physical relevance is still matter of 
debate [16, 34, 35]. 

The approach correctly reduces to the common quantum 
mechanical approach in the small (neutrinos) mass limit, 
but leads to corrections to those formulas that are cur- 
rently beyond experimental sensitivity [3, 26]. However, 
perhaps the most interesting feature of BV formalism is 
the non-trivial vacuum (called flavour vacuum) implied 
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by the theory. Such a flavour vacuum (which can be 
regarded as a vacuum condensate) represents the physi- 
cal state with no (flavour) particles in it. Despite being 
merely an "empty" state, the flavour vacuum is charac- 
terized by a rich structure revealed by the non-vanishing 
expectation value of the stress-energy tensor and the re- 
lated equation of state. Within BV formalism one is able 
to fully describe it at a non-perturbative level, and its 
features depend on the specific model considered (spin, 
interactions, number of particles characterized by flavour 
mixing, etc.). 

In a series of papers it was suggested that the flavour 
vacuum might behave as a source of Dark Energy [6— 
10, 13, 23-25, 27]. Recently, it has been shown that 
in a simple supersymmetric (Wess-Zumino) model with 
flavour mixing, in which two Majorana fields, two scalars 
and two pseudo-scalars were present (a simple model for 
neutrinos and sneutrinos) , the flavour vacuum was actu- 
ally characterized by a strong Supersymmetry breaking 
[28, 54]. In the present work we argue that this breaking 
is the origin of an interesting phenomenology, that might 
shed some lights both on the Dark Energy and the Dark 
Matter problem. More precisely, in the supersymmetric 
context of [28, 54], the flavour vacuum can be thought 
as made of two different fluids that fill in all universe: a 
first one related to the bosonic sector of the model, and 
a second induced by the fermionic one. The former is 
characterized by negative pressure, equal in modulus to 
its energy density (acting as a source of Dark Energy). 
The latter is characterized by zero pressure, giving rise 
to a source of Cold Dark Matter. 

The first part of the paper (Section I) will be dedicated 
to review BV formalism, complementing the original lit- 
erature with a discussion on non-perturbative theories 
and Fock spaces. 



2 



In the second part of the paper (Section II) we shall 
explore in details the phenomenology of the model stud- 
ied in [28, 54]. We shall clarify why the flavour vacuum 
is a good Dark Energy and Dark Matter candidate, with 
emphasis on this latter. More importantly, we will ex- 
plain how to relate all parameters of the model to ob- 
servational data. This is a quite important aspect of 
the approach: the model introduces very few parameters 
which are all related to neutrino physics. Hopefully, more 
realistic models will not rely on uncontrolled free param- 
eters, leading to a truly falsifiable theory for both Dark 
Energy and Dark Matter. A first encouraging result in 
this direction comes already from the simple model here 
studied: this is indeed fairly consistent with a choice of 
the parameters modeled on real world data, as we shall 
see in the relevant section. 

A first step towards more realistic models will be 
moved in the last part of this work (Section III). We will 
present a novel method for calculating relevant quanti- 
ties, specifically thought for analyzing the features of the 
flavour vacuum, which might enable us to study inter- 
active theories completely at a non-perturbative level. 
In particular, we shall show how, under reasonable as- 
sumptions, the method can discriminate which interac- 
tions preserve the behaviour of the condensate as Dark 
Energy/Matter source. 

I. BV FORMALISM 

Neutrino oscillations can be described in a non- 
relativistic quantum mechanical framework by construct- 
ing particle states, labelled by a flavour number, that are 
not eigenstates of the Hamiltonian. In its simplest for- 
mulation for two distinct flavours, the Pontecorvo model, 
flavour states are constructed as follow [4]: 

\i>a) = cos^l^i) + sin #|^ 2 ) 

\vb) = —sm6\v\) + cosQ\v 2 ) (1) 

where \v\) and [z^) are massive eigenstate of the free 
Hamiltonian (particles with well defined mass m^, with 
i = 1,2), and from which 

PA-+B = \{v B \v A {t))\ 2 = \{u B \e- im \v A )\ 2 

= 8in a^ sh2 /^#j (2) 



with uji(k) = yfc 2 + m 2 , describing the non- vanishing 

probability of a flavoured particle with momentum k to 
be created with a certain flavour (A) and be detected 
later on with a different flavour (B). 

The form of the transformation between flavoured and 
massive particles (1) is reflected in the relativistic field 
formalism by the relation 

v A {x) — vx(x) cos 9 + v 2 {x) svn9 

ub{x) = — v\{x) sin# + v 2 {x) cos9 (3) 



that connects flavour fields i>a, vb with massive ones v\, 
V2 ■ Such a relation is connected with the linearization of 
the following Lagrangian for free spin- 1 /^ fields 

C = wa{x)(^va{x) + iv B {x)(/)v B {x)-\- 

- m A v A (x)vA(x) - m B VB{x)vB{x)+ 

-m AB (v A {x)v B (x)+& B (x)v A {x)) (4) 

which becomes 

C = iDi{x)^vi(x) + iv 2 {x)^V2{x)+ 

- m 1 i? 1 (x)v 1 (x) - m 2 v- 1 (x)v 2 {x) (5) 

when 

m a — Tfi\ cos 2 9 + rri2 sin 2 9 
ni B = mi sin 2 9 + rri2 cos 2 9 
ttiab = (ni2 — nil) sin 9 cos 9. (6) 

However, in the field-theoretical framework the decom- 
position of the fields (3) into ladder operators associated 
with flavour particle states is highly non-trivial [3] . It has 
been shown, indeed, that states defined as the relativis- 
tic equivalent of (1), for which 1 1^1,2) belongs to the mass- 
mi^ irreducible representation of the Poincare group, are 
not eigenstates of the flavour charge operators [11, 14], 
which for the theory (4) read [11] 

Q A (t) = J dx v\(x)v A (x), 

Qs(£) = J dx* ^ B (x)v B (x). (7) 

BV formalism compensate for this [12, 39, 42], by defin- 
ing appropriate flavour eigenstates via the action of a 
certain operator Gg on massive states: 

\ki,fi;k 2 ,f2;k 3 ,f 3 ;...) = 

Gj|fci,TO( 1) ;fc 2 ,TO ( 2);fc 3 ,m ( 3 ) ; ...) (8) 

where \k\, f\\ k%, f 2 \ &3, fs; ■■■} denotes a state with 
different flavour particles described by their mo- 
menta ki and their flavours /, = A, B, whereas 
m(i); fe, m(2); fc3, m(3); ...) denotes a state with dif- 
ferent massive particles described by their momenta ki 
and their masses — 7711,777,2, defined from the lin- 
earized theory (5). The operator Gg is defined by the 
equations: 

v A (x) = G e 1 v 1 (x)G g 

v B {x) = Gg 1 v 2 {x)G e (9) 

and its explicit form depends on the specific theory con- 
sidered. For the theory (4), Gg is written as [12] 

Gg(t) = S dS {A( x )"i( x )~' , l( x )' J ^ x )) ^ (10) 
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Among all flavour states defined in the BV approach, the 
one called flavour vacuum and defined by 

|0>/ = Gl\0) (11) 

plays a special role, since it represents the physical vac- 
uum. In this context, by physical vacuum we mean the 
state that represents the physical empty state, i.e. with 
no particle in it. Since only particles with well defined 
flavour, rather than mass (i.e. Hamiltonian eigenstates), 
can be created/detected, one expects the physical vac- 
uum to be represented by the state that counts no flavour 
particles in it. It can be shown that this is state is |0)/, 
rather than |0) [12]. 1 

Furthermore, it has been proven that all flavour 
states \ki, fi\ k^, fi', ka, fa; ...) are orthogonal to each mas- 
sive state m^); ^2, m( 2 ); ^3, m(3); ...), an d therefore 
(0|0)/ = follows as a particular case. This result en- 
ables us to talk of a Fock space for flavour states, in 
opposition of the usual Fock space, whose basis is given 

by {|fci,m(i);fc 2 ,m(2);fc3,m(3); -k n ,m {n) ) | Vn e N}. 

The orthogonality of the two spaces is not very surpris- 
ing if one regards BV formalism as a non-perturbative 
approach to the interactive theory defined by (4). 

In the Second-quantization framework, the Hilbert 
space representing physical states is defined by vectors 
in the number occupation representation: assuming that 
a single-particle state can be classified by a discrete set 
of states labeled by the index i = 1, 2, 3, a vector rep- 
resenting a many-particle state can be identified by the 
number rii of particles occupying the i-th state and it is 
denoted with |ni, n,2, 713, ...); the Hilbert space of physical 
states Sj is therefore defined as the vector space gener- 
ated by the basis {|ni, 712,713, ...)}. For bosons n, € No, 
whereas for fermions n-j = 0, 1. It can be shown that 
in both cases the set {\ni, n 2 , 713, ...)} is uncountable and 
therefore is non-separable [60]. In particle physics a 
separable subset of S), a Fock space that we will denote 
with J , is usually considered [58]. J carries an irre- 
ducible representation of the Poincare group and par- 
ticle states belonging to it have well-defined mass and 
spin. Such a subset is spanned by the countable basis of 
all states with an arbitrary, yet finite in total, number of 
free particles. Although this basis does not fully describe 

(for instance the vector [1, 1, 1, ...) which counts an in- 
finite number of particles is not included), it is sufficient 
for accounting for scattering processes at a perturbative 
level. In the usual perturbation theory all interactive 
processes are indeed approximated by means of a super- 
position of a finite number of free particle states. This is 
quite clear in the functional formalism, when Feynman 
diagrams are considered. In a simplified picture of this 



1 In short: flavour states can be built by means of specific cre- 
ation/annihilation operators for flavour particles; it can be shown 
that the only state that is annihilated by all annihilation opera- 
tors is the flavour vacuum defined via (11). 



framework, a scattering process is represented by a graph 
with a certain number of external legs (incoming and 
outgoing particles). The total number of internal lines 
is connected to the precision of the approximation used 
in the perturbative expansion: the higher the order of 
the perturbation, the higher the number of vertices, and 
therefore the higher the number of internal lines involved. 
Each line can be naively interpreted as a single free parti- 
cle state, which is emitted in the starting vertex and then 
absorbed in the ending one. At each order in perturba- 
tion theory, a finite number of free particle states enters 
in the description of the scattering process. However, 
under the assumption that the perturbative series con- 
verges, its limit would be described by an infinite num- 
ber of lines/one-free-particle-states. In bra-ket formalism 
such a limit state would therefore be represented by a vec- 
tor of fj, the space of all physical states, but not of # , 
the space of states with finite number of free particles. 
With this example we want to remark the non-trivial 
difference existing from a free theory and an interactive 
one: we can express interactive processes in terms of free 
states (which have no direct physical meaning or inter- 
pretation, being just a basis in which we choose to express 
our process) but only in a weakly- interactive/perturbed 
framework. A full non-perturbative treatment for inter- 
active particle states requires subspaces of f), that are 
orthogonal to the Fock space of free states J [38] . 

Coming back to our case, a Lagrangian with flavour 
mixing, such as (4), can be regarded as an interactive 
theory, thanks to its non-diagonal terms. Flavour par- 
ticle states defined a la BV form a Fock space 3f that 
is therefore orthogonal to J - In other words, we could 
express flavour states in a perturbative way by means 
of J ; however, BV formalism enables us to construct 
flavour states in a completely non-perturbative manner, 
and therefore it requires states that are part of but not 
of Jo- 
Different Fock spaces are ordinarily used in QFT on 
curved backgrounds and other contexts [5, 22]. In the 
former, for instance, one identifies Fock spaces for physi- 
cal states in flat regions. However, these Fock spaces do 
not coincide (they are different /orthogonal subset of Sj) 
if the regions are not connected and curved regions exist 
in between. As a consequence, the vacuum defined by an 
observer in a certain region is not necessarily described 
by the state with no particles by an observer in another 
region. The particle creation phenomenon may occur: 
a state that is empty for an observer can actually con- 
tain particles according with a different observer. This 
mechanism characterizes both of the two main results of 
QFT in curved spacetime: the Unruh effect [61] and the 
Hawking radiation [40]. 

In a formal analogy, BV formalism introduces a ground 
state, called flavour vacuum, which is not as trivial as the 
ground state for the free theory. As already said, since it 
is the state in which no flavour particles are present, it 
correctly represents the physical vacuum. Even though 
it is empty, it is characterized by a non-zero expectation 
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value of the stress-energy tensor f(0\T^ v \0)f, whose ef- 
fects must be gravitationally testable. This is true as 
long as we fix as zero-point of our theory the usual vac- 
uum |0) for the free theory and belonging to So, or, 
in other words, we consider the usual normal ordering 
f (0\ : Tp, : 10)/=/ (0|T^|0)/ - (0|T^|0), which is valid 
in perturbation theory as well as in this non-perturbative 
approach. One commonly refers to the flavour vacuum as 
a condensate for the following reason: once expressed in 
terms of particles with well defined mass (eigenstates of 
the Hamiltonian) , the flavour vacuum contains an non- 
vanishing number of those particles, per unit of volume. 
In our example, they are characterized by the following 
distribution over the momentum space [26] 

f (0\n(k)\0) f = S ^/" l(fc) " 2( l:, W i TO2 " ^ (12) 
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uji{k)uj 2 {k) 



with n(k) = EMi f (£K(*) + a 2 Hk)a r 2 (k)), k = \k\, 
and a,j representing ladder operators for particles with 
well-defined mass. However, since the physical degrees 
of freedom of the theory are flavour particles (the only 
kind of particle that can be produced and detected) , the 
interpretation as a gas or collection of particles remains 
at a mere mathematical level, the flavour vacuum be- 
ing absolutely "empty" from a physical point of view (in 
the sense that no flavoured particles are present in it), 
and only characterized by a non vanishing stress-energy 
tensor expectation value which is detectable via gravita- 
tional effects. 

The features of the flavour vacuum depend on the 
model considered and a preliminary investigation on a 
simple supersymmetric model [54] showed that it might 
behave very differently, according with the spin of the 
particles involved. 



II. PHENOMENOLOGY OF A SUSY FLAVOUR 
VACUUM 

A. Free WZ d la BV 

Our interest in BV formalism was firstly motivated 
by physics beyond the Standard Model. The Wess- 
Zumino model here discussed has been considered in 
[54] after two works in which the flavour vacuum has 
been regarded as an effective vacuum arising in a string- 
theoretical framework [51, 53]. Indeed, a specific model 
from the braneworld scenario, called D-particle foam 
model [29, 30, 49, 50, 52], seems to explain neutrino 
flavour oscillations in terms of flavour oscillation of fun- 
damental strings, in presence of a "cloud" (or foam) of 
point-like topological defects in the bulk space. In the 
spirit of weak coupling string theory, the interaction be- 
tween the foam and strings/branes in the theory can be 
regarded as "vacuum defects" from the point of view of a 
macroscopical observer. Therefore it has been suggested 
that BV formalism, together with its "flavour vacuum" 



condensate, might provide a suitable description of the 
low energy limit of the model. 

In [54] we presented the behaviour of the flavour vac- 
uum, in a simple supersymmetric theory. The model that 
was considered involves two free real scalars Sa(x), Sb(x) 
with mixing, two free real pseudo-scalars Pa(x), Pb{%) 
with mixing and two free Majorana spinors %Pa(x), iPb{x) 
with mixing: 



C = [d^S L (x)d»S L (x) + d lt P l (x)& i P l (x)+ 

=A,B 

^(xWA(x)]- Yl [™ 2 K S 2 (x) + m 2 K S 2 {x) + 



l=A,B 

+ i 



-A,B 



+ m,, K ip(x) L ip K (x) (13) 

with ttiab — miBA- Terms involving products of fields of 
different flavours disappear when one expresses the model 
in terms of new fields, obtained by appropriate rotations 
of the previous ones: 



4>A (x) = cos 6<fii (x) + sin 6(f> 2 (%) 
4>b{x) — — sin 84>i (x) + cos 9(j} 2 (x) 

with 4> = S, P,ip, leading to 

C = [d»S i (x)& i Si(x)-rr$$(x)+ 



(14) 



i=l,2 

+ d^P l {x)d^P l {x) - m 2 P 2 (x)+ 

+ ipi(x)(i$ - mi)tpi(x) . (15) 

From this latter it is possible to build the usual Fock 
space for massive particles, previously denoted as 3o, 
which has as ground state the "massive" vacuum |0). 
The flavour vacuum is hence defined as 



|0) 



J J dx(X 12 (x)-X 21 (x)) 



|0) 



(16) 



with 



X 12 (x) ee -i ) l{x)Mx)+iS 2 (x)S 1 (x)+iP 2 (x)P 1 (x). 

(17) 

Its features have been explored via its stress-energy ten- 
sor expectation value, being 

T„v{x) =J2 \^d { ^S i {x)d v) S i {x)+2d {ll P i {x)d v) P i {x)+ 

i=l,2 

+ i-4>i(x)j( t id„ ) ip l (x) -ri^C. (18) 

It has been shown that the flavour vacuum behaves as a 
perfect relativistic fluid, i.e. 



f {0\T, lv \0) f = diag{p,P,P,P} 

with 

p= / <0|T 00 (a!)|0) / = 

. 2 (mi -m 2 ) 2 f^„ ,o ( 1 1 



: sin 



2tt 2 



2 r K 

o \uji(k) cj 2 {k) / 



(19) 



(20) 
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P= f {0\T jj (x)\0) f = 



sin 2 6- 



2 2 pK 

, mf — mf r 



2tt 2 



1 



1 



2 ' dkk 2 

,, V W 2(fc) Wi(fc) 



(21) 



/o representing its energy density, P its pressure and K a 
momentum cutoff (cf [28, 54]). 2 

In particular, disentangling the contribution of the 
bosonic sector from the fermionic one, one finds 

r K k 2 

p b = sin 2 8 dk^r (wi(fc) + u> 2 (k)) x 



. ,M*)-^(*))^ (22) 



2<jJi(fc)w2(fc) 



sm 



d/c— (wi(fc) + cj 2 (fc)) x 



Wi(fc)w2(A:) — m\m2 — k 2 
0Ji(k)u} 2 (k) 



(23) 



Pfc = -Pfc, P/ = (24) 
in which the standard normal order has being adopted. 

B. Flavour vacuum as a source of Dark Matter 

An important result emerges from the above outlined 
analysis: the equation of states w = P/p for the bosonic 
and the fermionic sectors are different, wj, — — 1 and 
Wt = holding. The emphasis on the novelty of this 
SUSY breaking mechanism has already being remarked 
[54]. We are now aimed to explore the interesting phe- 
nomenology connected with such a result. Our simple 
model implies a physical vacuum that is a combination 
of two fluids which behave quite differently: both perme- 
ate the empty space uniformly and statically, but one has 
a cosmological-constant-like behaviour (w = —1), while 
the other behaves as dust (w = 0). The role of the flavour 
vacuum as source of Dark Energy (which now is played 
only by the bosonic sector of the theory) has been exten- 
sively discussed in literature [6-10, 13, 23-25, 27]. Here 
we present a new feature of the flavour vacuum: its con- 
tribution to Dark Matter. 

Dark Matter is the name given to unknown sources 
of gravitational effects, whose presence, primarily within 
and around galaxies, has been established by many astro- 
physical data [2, 43]. Numerical simulations of structure 
formation have shown that "hot" (relativistic) particles 



cannot explain the observed structures at galactic scales, 
therefore Dark Matter is expected to be made out of fairly 
massive and "cold" (non-relativistic) particles. Big-Bang 
nucleosynthesis limits on the average baryonic content of 
the Universe exclude that (the majority of) Dark Mat- 
ter is made out of ordinary baryonic matter (i.e. atoms). 
Furthermore, although "dark" , in the sense that does not 
emit nor absorb light (i.e. electromagnetically neutral), 
Dark Matter might couple to ordinary matter in other 
ways (besides gravity); however, arguments on its den- 
sity and thermal production at early times imply that 
such a coupling must be weak. 

Both astrophysics and particle physics have been 
proposing suitable candidates for Dark Matter through 
the last three decades, giving rise to an enormous wealth 
of choice. However, because of the absence of direct de- 
tections and the lack of predictions by theoretical models, 
plagued by an undesirable abundance of free parameters, 
the nature of Dark Matter remains elusive. 

The fermionic sector of the flavour vacuum in the 
model here presented clearly fulfills basic requests for 
a Dark Matter candidate: it contributes to the energy 
content of the universe; it is "dark" (i.e. it is an electro- 
magnetically neutral object, since (s)neutrino fields do 
not couple with the electromagnetic field); furthermore, 
it does not interact with any other of the SM particles 
(excluding gravitational effects), being the empty state 
for the (s)neutrino sector; unlike its bosonic counterpart, 
it is purely pressureless. 3 

A possible concern about its uniform distribution in 
space, in contrast with the observed distribution of Dark 
Matter which is usually gathered in clusters around and 
inside galaxies, can be easily dispelled by recalling that 
we are actually modeling a simple "empty" universe. If 
a non-uniform matter distribution is considered in our 
toy universe in addition to the flavour vacuum, it would 
start to interact gravitationally with our vacuum con- 
densate. Thanks to initial irregularities in the matter 
distribution, we expect them to form clusters via gravi- 
tational instability (gravity tends to enhance irregulari- 
ties, pulling matter towards denser regions [47]), as the 
system evolves with time. It is known that such an ef- 
fect, on the other hand, does not necessarily occurs for 
Dark Energy-like fluids [1], as the bosonic component of 
the flavour vacuum, which can persist in their state of 
spatial uniformity even in presence of clustered matter. 
The evolution of our flavour vacuum, considering both its 
bosonic and fermionic components, in presence of other 
matter and gravitational interaction, represents necessar- 
ily an object of future studies. 



2 From the perspective of considering BV formalism as an effective 
formalism for physics beyond the Standard Model [51, 54], such 
a cutoff must be interpreted as the energy scale up to which the 
formalism provides the framework for a good effective theory. 



3 This is certainly true for the free above mentioned model; the 
possibility of extending this result to interactive models will be 
discussed later on. 
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C. Testability 

An interesting aspect of the model concerns the in- 
terplay between the two fluids. Supersymmetry imposes 
that the energy density of the bosonic component is tied 
up to the energy density of the fermionic component; 
in a more realistic theory, therefore, one should be able 
to reproduce the current experimental value of the ratio 
between the Dark Energy density and the Dark Mat- 
ter energy density (~ 2.8), in the optimist belief that 
the flavour vacuum is the only responsible for both of 
them. The role of a curved background in the formu- 
lation of the theory might be crucial, since the energy 
density of a dust-like fluid gets diluted by the expansion 
of the universe, whereas such an effect does not occur 
for a cosmological-constant type, and therefore the ratio 
between those two quantities changes dramatically with 
time. 

Within a momentum cutoff regularization framework, 
as the one here presented, the two energy densities de- 
pend on such a cutoff, which is the same for both quan- 
tities. The ratio between them can in general be cutoff 
dependent, as it actually is in the case here presented. 
On one side, one might hope that in a more realistic 
theory (on a curved background, for instance) the ratio 
might be cutoff independent. On the other hand, one 
could consider the opposite situation, in which the ratio 
varies with the cutoff, as highly desirable: if the ratio 
is fixed from the cutoff, the same value for the cutoff 
would also fix the value of the energy. This implies that 
once the cutoff is decided on the basis of experimental 
data on the ratio, the model gives a precise prediction 
for the absolute values of the energy densities, which can 
be compared with their observational estimates. 

In order to illustrate these ideas we will present a con- 
crete example. Let us assume that our supersymmetric 
model is effective up to the energy scale K (which comes 
from deeper theories, as, for instance, in [54] ). In the 
standard Big-Bang picture, this means that when the 
universe cools down to that energy, the flavour vacuum 
starts to be the effective description of the vacuum state 
of the (unknown) underlying theory. We call t the time 
corresponding with this transition and ao the correspond- 
ing scale factor. 

In our toy universe, we assume that at t , in absence of 
any other sources of energy or matter, the energy/matter 
content of our toy universe is only due to the flavour vac- 
uum. Moreover, we assume that it can be describe, at 
a classic level (i.e. on sufficiently large scales), in terms 
of two fluids: a first one, due to the bosonic component 
of the flavour vacuum and described by pb and w = — 1, 
and a second one, due to its fermionic component and 
described by pf and w — 0. We will regard the bosonic 
component as the only source of Dark Energy and the 
fermionic as the only source of Dark Matter. Both pb and 
Pf are function of the following parameters: (s)ncutrino 
masses, mixing angles, and the cutoff K. If we know 
(from observations) the neutrino masses and mixing an- 



gles, and we can constrain parameters induced by SUSY 
breaking, the cutoff is the only parameter left to deter- 
mine. 

As our toy universe expands, we assume that the two 
fluids obey Einstein equations and therefore they scale as 

p f (t) a(t) 3 =p f 4 
pb(t) =Pb- 

This means that today their value is 
Pf(t„ow) =Pf ao 

Pb(tnow) =Pb- 

respectively, being a(t now ) = 1 by convention. Those 
two quantities depends on the following parameters: 
(s)neutrino masses, mixing angles, cutoff energy, scale 
factor at to. Provided with these expressions, we can 
then test our model in two ways. 

1 .If observational data enable us to constrain 
(s)neutrino masses, mixing angles, Dark Matter and 
Dark Energy densities, from (26) we can derive the 
other parameters left: the cutoff energy and the scale 
factor ao- Well equipped with all the parameters of 
the theory, we will then be able to check if the model 
is in reasonable agreement with other standard mod- 
els. For example, if the scale factor ao fitting all data 
corresponds to a time in the future (for ao > 1), the 
model has to be rejected, or corrected at least. 
2. On the other hand, theoretical reasons might sug- 
gest specific values for the cutoff (if for instance the 
flavour vacuum rises in the low energy limit of an un- 
derlying theory, and/or the scale factor ao, being the 
temperature of the universe inversely proportional 
to its scale factor. In this case, we might be able 
to make a prediction on the value of the Dark Mat- 
ter and Dark Energy density, via formulae (26), that 
might be compared with observational estimates. On 
this basis our model is therefore accepted or refused. 

D. A Preliminary Test 

The simple toy model discussed in Section II A is not 
realistic enough to hold the comparison with data already 
available: only two generations of neutrinos have been 
considered, neither matter or interactions are present, 
SUSY is unbroken, there is no prescription for the cutoff 
K. 4 However, some preliminary tests can be performed. 

As just explained, in a realistic theory with three gen- 
erations instead of two, it is possible to constrain the 
parameter space of mixing angles and masses thanks to 
observational data. In absence of such a theory, we will 



4 The assumption of treating neutrinos as Majorana particles 
might also be questioned. 
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limit our selves to check if our simpler model admits a 
choice of parameters that gives rise to physically "plausi- 
ble" estimations for Dark Energy and Dark Matter den- 
sities. More precisely, we shall check the compatibility of 
our model with the relation 



PA ~ Pdm ~ (Am, 2 



(27) 



with pa/ dm the Dark Energy/Matter density today and 
Am^j the difference of the squared masses of neutrinos' 3 , 
which for our model becomes 



2x2 



Pb ~ pf(t now ) ~ (Am ) 



(28) 



in the assumption that all Dark Energy and Dark Matter 
of our toy universe is due to the flavour vacuum. In other 
words, is there a sensible region of the parameter space 
that gives rise to (28)? 

Once provided with a realistic theory, the reasoning 
goes the other way around: given the space of parameters 
constrained by observational data, does (28) hold? How- 
ever, the analysis on which we are embarking is neither 
irrelevant nor negligible: previous analyses hardly concil- 
iate the very different scales of energies entering into the 
problem, such as the momentum cutoff, which presum- 
ably is greater then the TeV scale, and neutrino mass 
differences (c/ for instance [24]). The aim of this section 
is therefore to show that even in our simple toy model, 
non-perturbative formulae describing the features of the 
flavour vacuum can accommodate very different scales in 
a natural way, giving rise to physically sensible values for 
Dark Energy and Dark Matter densities. 

Recapitulating, in the following we shall assume that 
the physical vacuum is effectively described by the flavour 
vacuum defined by (16) for energies lower than K] over 
large distance scales, such a flavour vacuum behaves as a 
classical fluids, obeying Einstein equations (i.e. (25) and 



5 The energy scale of Dark Energy is far away from all natural 
scales provided by the SM via particle masses. Only one funda- 
mental scale is known to be comparable with the Dark Energy 
one: the scale of neutrino physics. Boundary on total masses of 
neutrinos show that they are much lighter then all other parti- 
cles: astrophysical data indicate that £ m„ < 058 eV, with 95% 
of confidence [11] (the sum runs over all possible species - possi- 
bly more then three - that where present in the early Universe). 
Moreover, direct observations on solar and atmospheric neutri- 
■ 10~ 5 eV 2 and Am| 3 xi 2.5 ■ 10" 3 eV 2 
_ Am 2 j, cf [4] and references therein). These 
mass scales 10 _1 -r 10~ 2 eV have to be compared with the scale 
10~ 3 eV, that one obtains from p A = 3 X 10 _11 eV 4 . This "co- 
incidence" gave rise to many works, besides the ones connected 
with BV formalism, aimed to provide a theoretical explanation 
for it (see [37] and references therein). 

The more famous coincidence problem regarding Dark Energy 
concerns the similar density of Dark Energy and Dark Matter 
(pA ~ 2.8pdm) as measured today, which requires a notable 
fine-tuning of initial conditions considering their very different 
evolution in time. 

These two "coincidences" are combined together in formula (27). 



nos show that Am 2 2 
(being m 2 — ™ 2 



(26) hold). We will further assume that some radiation 
and matter are present in our toy universe, whose den- 
sity is at least one order lower than the flavour vacuum 
density. Their presence justifies the notion of "tempera- 
ture" and defines the profile of the time-evolution of our 
toy universe. Since we assume the neutrino sector not 
being coupled with any other fields, the flavour vacuum 
and the matter/radiation content of the universe inter- 
act only gravitationally. As mentioned, we expect this 
interaction to lead the fermionic flavour vacuum to clus- 
ter together with ordinary matter, leaving the bosonic 
flavour vacuum homogeneously distributed. These effects 
are reasonably expected as long as gravitational effects 
are relevant only on cosmological scales, at which the 
flavour vacuum is well approximated by a classical fluid. 
As a consequence of a possible non-uniform distribution 
in space of the fermionic fluid, we shall consider the value 
of (23) not as a local attribute but as a global, or "aver- 
aged" over sufficiently large scales, property. 

In order to check the compatibility of our model with 
(28), we start by defining the quantity £ = (1 — m 2 /m 2 ) 2 , 
with m 2 the smaller of the two masses (m 2 < mi). Since 
< £ < 1, we can expand (22) and (23) in series around 
£ = and get to 



sm 



Pb 



sin 2 9 , 



-mif(K/ mi )Z + 0(e /2 ) 



sm 



PS = 



IT 

sin 



(Am 2 ) 2 f(K/ mi ) 



(Am 2 ) 2 g(K/ mi ) 



with 



f(K/ mi ) 
g(K/mi) 



if/mi 



dx 



if/mi 



dx 



4(1 + x 2 ) 3 / 2 



4(1 + a; 2 ) 3 / 2 



(29) 



(30) 



(31) 



and mf£ = (Am 2 ) 2 = (m 2 — m 2 ) 2 . Relations (29) are 
good approximations of the exact values, as long as the 
two masses are very similar mi ~ m^. All divergen- 
cies connected with our problem are included in function 
f(K/m\) and g(K/mi) 7 for their argument running to 
infinity. In the following analysis a physical cutoff of mo- 
menta (K, rescaled by the neutrino mass mi) will be 
considered, in the belief that flavour physics a la BV 
must be regarded as an effective description at low en- 
ergy scales of a deeper theory [51]. Clearly other renor- 
malization tools might be required if this assumption is 
dropped, for instance, in a pure self consistent quantum 
field theoretical approach. Despite this choice, it is re- 
markable, however, that the relation p^/f cx (Am 2 ) 2 has 
been derived entirely analytically. 

In the following, we would like to show that in a cutoff- 
regularization scheme the two functions in (30) can give 



rise to physically sensible values, i. e. the function 
f(K/mi) remains relatively small even when the cutoff 
is very high (giving rise to the hierarchy: high cutoff/low 
Dark Energy density), whereas g(K/rrii) can be consider- 
ably greater then f{K/m\) for the same choice of cutoff, 
motivating the observed discrepancy between the Dark 
Energy and Dark Matter densities at early times. We 
should stress once more that a strict comparison with 
available experimental data would be possible once a 
more realistic model will be given. 

We will now focus on the former of (29). Being SUSY 
unbroken in our toy model, neutrinos and sneutrinos have 
the same masses. So the mi and m,2 appearing in (29) are 
the masses of two neutrinos, even though pb encodes the 
contribution of the bosonic sector of the theory, which 
in a realistic case would be affected by the breaking of 
SUSY via effective masses greater than m,. Recalling 
the observed relation (27), we wonder now if is there any 
region of the parameter space (0,K) that might generate 
a similar situation (i.e. pb ~ (Am 2 ) 2 ) in our model. 
Quite interestingly, the condition 
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FIG. 1. The parameter space (K/mi, sin 2 9) is plotted. In 
blue, the acceptance region for the condition (32) (boundaries 
of the region correspond to Ihs = 0.9 and Ihs = 1.1). Physical 
mixing angles for three generation of neutrinos are: sin 2 813 = 
0.000+ 028 , sin 2 0i2 = 0.30±g;g|, sin 2 6> 23 = 0.50±^j (within 
2a) [33]. These values are also plotted in the graph (red 
regions). Dotted lines represents LHC energy scale (~ ITeV) 
and the Planck energy scale (~ 10 28 eU) fixing mi = 10~ 2 eV. 



f(K/ mi 



1 



(32) 



is satisfied by a region of the plane (0,K), which is not 
that far from the expected value for a realistic theory. 
As shown in Figure 1, if the cutoff of the theory lies 
somewhere between the TeV (10 12 eV) scale and the 
Plank scale (10 28 eV), the value of sin 2 9 must be around 
the 0.5 -j- 1 region. Moreover, a complete overlap with 
one real mixing angle is obtained in a region with a 
very high cutoff, close to the Planck scale. It should be 
emphasized that the existence itself of such a region is 
highly non-trivial, since it appears from the combination 
of parameters spanning a wide range of energies, being 
Am 2 - lCT 4 eU 2 and K > 10 12 eV. 

Focusing now on the latter of (29), we shall proceed 
with a similar analysis in order to test the hypothesis that 
the fermionic sector of the model provides a sensible Dark 
Matter candidate. As explained in the previous section, 
under the assumption that the flavour vacuum behaves 
as a perfect classical fluid on large scales, the fermionic 
contribution would get diluted with time as the universe 
expands. Its value today would then be 



Pf(t no 



Pf a o 



(33) 



with ao the scale factor corresponding to the time at 
which the model became effective. In order to reproduce 
the relation (Am 2 ) ~ Pf(t now ) we expect 



We already know that ao must be extremely small, but 
what is the ratio between g(Kjm\) and f(K/m\) for 
large K/m\ (K/m\ > 10 14 )? As shown in Figure 2, 
equation (35) is indeed satisfied for large values of K 
and very small values of ao, as one would expect from a 
realistic theory. If, for instance, the cutoff is set equal 
to the Planck scale, relation (35) is satisfied for ao = 
10~ 20 , which sets the transition phase (when the flavour 
vacuum became effective) well far in the past, when our 
toy universe was 10 20 times smaller than "now". Once 
more, parameters characterized by very different values 
(ao ~ 1CP 20 , K/rrii ~ 10 30 ) combine together to give 
rise to a third scale, which has a physical significance 
(nowadays Dark Matter density). 

Despite the unrealistic nature of our toy model, these 
first quantitative tests go in the right direction and cer- 
tainly motivate the study of more realistic models, which 
hopefully will share with our toy model all the good fea- 
tures here discussed. 



III. TOWARDS INTERACTIVE FLAVOUR 
VACUA 

A new method of calculation: Free WZ Revised 



, sin 



-g(K/ mi ) ~ 1 



(34) 



that can be obtained by combining (33), (28) and (29). 
Because of the constrain on the Dark Energy density (32) 
the above condition becomes 



n3 g(K/ mi ) 

fi n ~r~~rr~ l r ^ -L- 



°f(K/ mi ) 



(35) 



Following the standard literature, the results in [54] 
discussed so far have been derived by the following ap- 
proach: 

1. stress-energy tensor has been written in terms of 
massive fields; 

2. massive fields have been decomposed in terms of 
massive ladder operators; 
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FIG. 2. The parameter space (K/mi, oo) is plotted. In blue, 
the acceptance region for the condition (32) (boundaries of 
the region correspond to Ihs — 10 and Ihs — 0.1). The red 
line depicts the scale factor of the real universe as a function 
of its average temperature, fixing mi = 10~ 2 eV. In a more 
realistic theory, the acceptance region (which may differ from 
the one here presented) is further reduced by comparison of 
the first of (29) with Dark Energy data, which gives a con- 
straint on possible momentum cutoffs; the model is ruled out 
if the resulting region lies below the red line, since it would 
predict an amount of Dark Matter greater than what is ob- 
served; the model is consistent with data on Dark Matter 
if the region overlaps or lies above the red line; in this latter 
case the flavour vacuum contributes only to a fraction of total 
Dark Matter density. 



3. massive ladder operators have been written in terms 
of flavour ladder operators; 

4. hence, stress-energy tensor has been written in terms 
of flavour ladder operators; 

5. flavour-vev of the stress-energy tensor has been re- 
duced by acting with the flavour ladder operators on 
the flavour vacuum. 

However, such a long procedure can be avoided and the 
same exact result may be obtained in a much shorter way, 
following the steps: 

1. flavour vacuum is written as |0)/ = Gg|0), the 
flavour- vev of becoming a vev of O = GgT^Gg, 

2. the stress-energy operator is transformed under the 
action of the Gg G g , using (9); the transformed op- 
erator O will be expressed in terms of the flavour 
fields, rather then the massive ones; 

3. (3) is used to write the flavour fields in terms of the 
massive fields; O is again expressed in terms of the 
massive fields, but this time the operator Gg, and 
its complicated exponential structure, is not present 
any more; 

4. a vev of O, expressed as a simple combination of 
massive fields, is left, which can be reduced by de- 
composing the massive fields into massive ladder op- 
erators. 

As a neat example of the above procedure, we will 
derive the results of Section II A via this new method. 



Recalling the discussion in Section II A, in the study of 
the free WZ model we can consider the bosonic and the 
fermionic component separately, by evaluating relevant 
quantities in two separated contexts (a bosonic theory 
and a fermionic one) and eventually combining together 
the results. Furthermore, the pseudoscalar and the scalar 
field are indistinguishable for our purposes, therefore we 
are allowed to consider just the scalar field, keeping in 
mind to sum its contribution to the relevant quantities 
twice. 

In the real scalar case, we have 

Zoo(s) = E (*? 0=) + (Wi(*)) 2 + m?#(aO) (36) 
with TTi = fa, the conjugate momentum of fa. Since 

Gg(t) = e ie / d£ ( 7r 2(a:)0l(2:)-Tl(a:)02(a;)) 

from which 

Gg {t)fa (x)G\ (t) = fa (x) cos 6 -fa (x) sin 9 



Gg{t)fa{x)G\{t) = fa (x) sin 9 + fa (x) cos ( 



(38) 



and 



Gg{t)lTi{x)G\(t) — TTl(x) COS# — TT2(x) sin 6? 

Gg (t)ir2 (x) Gg(t) = 7Ti (x) sin 9 + 7r 2 (x) cos 9 
via the Baker-Campbell-Hausdorff formula 

e Y Xe- Y = X+[Y,X} + l[Y, [Y,X]] + ^[Y, [Y, [Y, X]] 



(39) 



3! 



we can write 



Gg(t) J2 *i (*) G «W = E ^ 



(40) 



(41) 



, 2=1,2 



v i=l,2 



Ge{t) E (V<Mx)) 2 G^) 



, i=l,2 



E (v<Mx)) 2 (42) 



ii=l,2 
and 

{Q\G 6 (t){m\<j>l{x) + m 2 2 fa 2 (x))Gl(t)\0) - 
(0|(m?#(aO+m§^(x))|0>+ 
sin 2 9(ml - m 2 2 )(0\(fa 2 (x) - 2 (x))|O). (43) 

It follows that 

f (0\T oo (x)\0) f = (0|T 00 (x)|0)+ 

+ sin 2 9{m\ - m 2 2 )(0\(fa](x) - ^(^))|0) (44) 
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and therefore 

Pb = f (0| : T m (x) : |0} / = 

= sin 2 9{m\ - mi)(0\(ti(x) - ^(x))\0) (45) 

Equivalently for Tjj(x) we have 

P b = f (0| : T j:j (x) : \0) f = - sin 2 9(m\ - m 2 2 )x 

x(0\{4>l(x)-4>\(x))\Q) = -p b . (46) 

Once the fields in (45) and (46) are decomposed in terms 
of the ladder operators and the quantum algebra is sim- 
plified, expressions (22) and (23) are correctly repro- 
duced. 

In the fermionic similar procedure leads to 

Pf =f (0| : Tf Q (x) : |0) / - sin 2 9 (mi - m 2 ) x 

x (0| (Mx)Mx) - &(s)lMa:)) 10) (47) 

and 



P f = f (0\:T f j (x):\0) f = 0. 



(48) 



By comparing (47) and (45), the analogy between the 
fermionic and the bosonic condensate that earlier was 
hidden in formulae (22) and (23) is now more evident. 
Again, formula (23) is correctly reproduced, once the op- 
eratorial structure of the fields is simplified with respect 
to (0| |0). The expression (47) dispels any doubts con- 
cerning formula (23) and its possible dependency on the 
specific form of the gamma matrices and spinors used to 
achieve the results of [54] , being (47) independent of such 
a choice [55]. 

Furthermore, Supersymmetry enables us to rewrite 
this result in terms of the bosonic fields only. For the 
massive vacuum |0) we know that 

(0\T^(x)\0) = (49) 

which leads to 

<0|^<(ar)V<(fl?)|0) = -4m. i (O|0 2 (a;)|O) (50) 

and hence 

p wz = 2 sin 2 0(mi - m 2 ) 2 (0| {^{x) + <&(x)) |0) (51) 



its (anti-)commutation rules, regardless of the tensorial 
or spinorial structure of the field itself. Furthermore, ex- 
tending these results to more then two flavours is rather 
straightforward. 

Finally, the method enables us to distinguish among 
all the terms of the stress-energy tensors the ones that 
really contribute to the final result. This might be helpful 
in understanding the behaviour of the flavour vacuum in 
more realistic theories, as we shall see in the forthcoming 
sections. 6 



B. Self-interactive Bosons 



An example of the applications just discussed is offered 
by a \<t> A model. The theory 

C = E (Wi^h ~ m i<f>i ~ ( 53 ) 



can be regarded as derived from a model with flavour 
mixing: 

£ = d^Ad^^A + d^sd^^B - m 2 A 4> 2 A - m 2 B (f> 2 B + 

- rn 2 AB (j)A(j)B - E 9iK\ P (f>L(f>K(f>\(t}p (54) 

t,^, A,p— A,B 

with the usual rotation 



OA = cos v<px — SUl 0<P2 
b B = sin 64>i + cos 9<j>2 



(55) 



and a specific choice of the coupling constants g . Since 
the expression of Gg in terms of the fields can be deduced 
from 



GgfaGe = cos 9(f>i — sin#0 2 
GgfoGe — sin 00i + cos#02 



(56) 



just using commutation relations between fields and con- 
jugate momenta, which are not modified by the form of 
the Lagrangian [55], expression 



Q — ^0/^(0201-0102) 



(57) 



Pwz = -2 sin 2 9{m 2 - m 2 )(O|(0|(a;) - 4>\{x))\Q) (52) 

in accordance with (20) and (21). 

The procedure exemplified in the previous section can 
be easily implemented for other fields: one might want to 
consider Dirac or two component Weyl spinors as well as 
complex scalar fields, getting to analogous results. For 
mere speculative reasons, applications to vector fields 
or even more complex objects might be thought: the 
method involves a manipulation of the stress-energy ten- 
sor, with the use of equation of motion of the field and 



In addition, we would like to stress that the method does not 
require an explicit decomposition of the flavour fields in terms of 
flavour ladder operators. Such a decomposition has been object 
of a debate in literature, raised by the authors of [31]. Although 
the problem was exhaustively discussed in [20] and [32], not all 
the community was convinced by the arguments presented [34]. 
Without entering into the details of the dispute, here we would 
like to suggest that a different point of view on the formalism, 
such as the one offered by formulae (47) and (45), where an ob- 
servable quantity concerning a flavour state has been calculated 
without the explicit use of the controversial decomposition, might 
help in a deeper understanding of the problem and the formalism 
itself. 
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that was found valid in the free case, holds also in the 
interactive one. 

If we assume that the flavour vacuum is defined as 

|0>/ = G\\0) (58) 

naively generalizing the free case, with |0) the ground 
state of the theory described by (53) , we can easily see 
that 

/ <0|T^|0> / = (0|T„„|0} + 

+ ^ (sin 2 0(m? - m 2 2 )(0\4> 2 2 - 0?]O» + 
+ Vlu ,\(0\ ((0 2 cos(0) - cfi sin(0)) 4 + 
+ (0! cos(0) + 2 sin(0)) 4 - 4 - 4) |0). (59) 

We can therefore state that the equation of state is given 
by 

= f (0\ : Tjj : [Q) / = 
f(0\:T QO :\0) f " 

_ -(O|vE^i,2K 2 ^ + A0f)v|O) 

(o|vE i= i, 2 K0f + A0f)v|o) lbUj 

in which 

v f{<Pu<P2) : = 

f(cos9ipi — sin 9(f2 , sin^i + cos — fifi,^)- 

(61) 

Quite notably, this result generalizes the analogous re- 
sult for the free theory, in a completely non-perturbative 
way: equation (60) is independent of the explicit form of 
the fields and the ground state |0), which we might be 
able to recover just in a perturbative treatment of the 
model. 

In fact, it is possible the further generalize the above 
result for any interactive theory for two scalar fields with 
flavour mixing in the following form: 

£ = d n (p A & l <pA + d^sd^^B - mA4>A - m B (f> B + 

- m 2 AB 4>A4>B + £int{<pA, 4>b) (62) 

with £(4>a,4>b) any polynomial function of 4>a and 4>b- 
It is easy to show that 

f {0\ : T nv : 10)/ = % ,(0| V £ mUi ~ tint V |0> (63) 

i=l,2 

leading always to the equation of state w = — 1. 



C. Self-interactive fermions 

Analogously, we can generalize the result presented in 
Section II A for fermionic fields (namely, w = 0) for a 



certain class of self-interactive theories. We start by con- 
sidering a theory written in terms of the massive fields 
ipi and ip2 '■ 

£ = rrii)ipi + C int (64) 

i 

with Ci n t a suitable polynomial function of 0, and ipi- 
Again, we regard (64) as the diagonalized Lagrangian: in 
case of flavour mixing, ip\ and "02 come from a rotation 
of the flavoured fields tpA and ip B . 

Combining our previous discussion on the bosonic case 
and results of Section III A, we can write 

/(0|:Too:|0)/ = (0|vTooV |0> = 

= (0|v5^m 4 ^ < +AntV|0) (65) 

i 

in which we used 

V^7-9Vv/=0. (66) 

Analogously, the jj ^ 00 component of the stress en- 
ergy tensor is given by 

T n = X! {^i d 3^i) - '// .£ (67) 

i 

that on-shell can be written as 

T n = ^2 {M'ili^i + ^1 [ L int, ipi] J + tint (68) 

i 

with L int = J d 3 xC int , leading to 

/ <0|:T iJ :|0) / = <0|vT ji v |0> = 

= <0| ••■ \ L ^M + Cint ■: |0) (69) 

i 

We can now distinguish two cases: 

l.If the interactive term of the Lagrangian Ci n t (and 
consequently Li nt ) is invariant under the transfor- 
mation 

■0i — > cos Otpi — sin 8tb 2 , , 

(70) 

tp2 sin 9ipi + cos 9ip2 
we can then write 

'.' £mt '•'='.' L int Y=Y X 0i [Lint, ^t] '•'= (71) 

i 

leading to w = 0. 
2. If £i„ t is not invariant under (70), we cannot push 
our analysis farther and we are unable to decide 
whether the pressure is zero or not, provided just 
with the tools here presented. It should be em- 
phasized that other cancelation mechanisms might 
occur, leading to a full generalization of w = 
for all self-interactive cases, just like in the bosonic 
case. However, these mechanisms are not reproduced 
within our method. 
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D. Remarks on Interactive Theories 

To conclude the discussion of these examples, a few re- 
marks are in order. Throughout our analysis we assumed 
that the flavour vacuum was defined by 

|0>/ = Gl\0) (72) 

with Gg the operator mapping flavour fields into mas- 
sive fields, and vice versa, and |0) being the massive 
ground state of the interactive theory. The derivation 
of our results was purely formal and did not require any 
other knowledge of the theory. Nonetheless, although it 
might look reasonable, the assumption (72) remains a 
mere guess in absence of a complete (either perturbative 
or non-perturbative) interactive theory. 

An interactive theory is a rather different object than 
a free one, from a non-perturbative level. In Section I, 
we already mentioned that the usual Fock space So is not 
sufficient for fully describing the theory. More generally 
we can say that in the framework of Second Quantiza- 
tion few progresses on a coherent definition of the theory 
have been made so far, and the explicit construction of 
physical states in interactive theories still represents an 
open issue (cf [21] and references therein). 

Moreover, the familiar Perturbation Theory scheme, 
in the formulation of Lehmann, Symanzik and Zimmer- 
mann [45] , is thought specifically for scattering processes 
and it might be unfit for describing the flavour vacuum. 
Since it relies on the assumption that particles are free 
at early and late times, all relevant quantities (scatter- 
ing probabilities) are expressed in terms of time ordered 
products of field acting on the vacuum of the free theory 
|0), which is suppose to coincide with the true vacuum 
of theory at early and late times. However, the features 
of the flavour vacuum are not expressed in these terms, 
i.e. as probabilities of having certain states at late times, 
given some initial conditions. 

It follows that implementing BV formalism on interac- 
tive theories is not a trivial task and requires very much 
care. Such a generalization is not among the aims of the 
present work. However, the purpose of this Section was 
to indicate a possible path for further developments of the 
formalism, taking advantage of the method of calculation 
discussed so far. Although an interactive theory might 
suffer from serious problems when it comes to construct 
particle states, as above mentioned, we believe that cer- 
tain quantities, such as the equation of state of the flavour 
vacuum, might not require an explicit expression of such 
a state. Our analysis is valid under the assumption that 
(72) holds, irrespectively of a detailed knowledge of |0) or 
any particle states in the interactive theory. Therefore, 
we might expect to be able to get some features of the 
phenomenology of the flavour vacuum, even though the 
underlying theory is not understood in full detail. How- 
ever, a dedicated analysis is in order to fully justify the 
use of (72). 



CONCLUSIONS 

Neutrino physics required in the last years a dedicated 
theoretical effort, beyond the usual quantum field the- 
oretical framework of scattering processes [3]. Among 
other approaches, BV formalism is aimed to describe 
flavour states in a completely non-perturbative way [12]. 
The approach fostered an intense discussion in last years 
[16, 20, 34, 35, 46], and it has not being accepted by the 
community as a whole. However, we believe it represents 
a valid starting point towards a complete and coherent 
treatment of non-perturbative aspects of flavour physics. 

Besides providing a consistent relativistic generaliza- 
tion for well-established non-relativistic neutrino oscilla- 
tions formulae, the formalism implies a non-trivial vac- 
uum (the so called flavour vacuum), which has been re- 
garded as a source of Dark Energy in various works [25]. 
Recently, the formalism has been used to describe the low 
energy limit of a quantum gravity model [51], leading to 
an implementation on a supersymmetric model [54] . Pre- 
liminary works have shown that BV formalism gives rise 
to a novel mechanism of SUSY breaking [28, 54]. This 
work moves a step forth in the analysis of the supersym- 
metric flavour vacuum. 

On one hand, we analyzed the phenomenology of the 
model of [28, 54] (a free Wess-Zumino with flavour mix- 
ing), arguing that the supersymmetric flavour vacuum 
might consistently provide a source for both Dark En- 
ergy (thanks to the bosonic sector of the theory) and 
Dark Matter (via the fermionic one). At the moment, 
a quantitative comparison with available data is not yet 
possible, due to the oversimplifications of the model (just 
free fields labeled by only two flavours have been consid- 
ered). However, encouraging results come from a prelimi- 
nary analysis here performed: despite the huge difference 
of magnitudes of the involved parameters (ranging from 
the Plank energy scale to neutrino masses, from the den- 
sity of Dark Matter today and its density at very early 
times), the model seems to be capable of reproducing 
the hierarchy (Am 2 ) 2 ~ pa, in the assumption that all 
Dark energy density p\ is due to the bosonic sector of the 
flavour vacuum, and compatible with the hypothesis that 
the flavour vacuum contributes to (at least a fraction of) 
Dark Matter. 

On the other hand, we started developing new tools 
in order to test the behaviour of the flavour vacuum in 
interactive theories. We presented a novel method for 
evaluating relevant quantities connected with our prob- 
lem, which, not only facilitate the non-trivial calculations 
involved in the free model, but also opens the way to- 
wards non-perturbative analyses of interactive theories. 
As a concrete example of the advantages of the method, 
we first showed how to reproduce in a few lines results of 
[28, 54], getting a deeper insight of known formulae. Fur- 
thermore, in order to test the potential of the method, 
we used it to analyze the equation of state of the flavour 
vacuum in self-interactive theories, generalizing results 
of the free theory for a wide class of interactions, under 
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reasonable assumptions. 

The possibility here discussed that a source for both 
Dark Matter and Dark Energy might arise from neu- 
trino physics, whether it derives from new physics beyond 
the Standard Model or from non-perturbative aspects of 
QFT, is quite attractive. The model here presented needs 
to be understood and developed much further. In partic- 
ular, the following developments are in order: 

•more realistic theories need to be constructed and 
compared with observational data: three flavours, 
SM/MSSM interactions, evolution in time (possibly 
on a curved background) are essential ingredients; 
•provided with a more realistic theory, the behaviour 
of the flavour vacuum on large distance scales must be 
examined in presence of matter, in order to be com- 
pared with phenomenological models of Dark Matter 
and Dark Energy; 
•if we regard BV formalism as an effective descrip- 
tion at low energy scales of the stringy model of [51], 
the gap between the macroscopic and microscopic de- 



scription needs be reduced 7 ; 
•other ways to prove experimentally the existence of 
the flavour vacuum must be found; besides its gravi- 
tational effects, it might play an active role in interac- 
tive theories and hence in scattering processes, which 
require a dedicated analysis; 

Despite these and many other questions that remain 
open, the models presented in this work suggest an in- 
triguing possibility for a deeper understanding of fun- 
damental problems in cosmology. The promising results 
here discussed certainly motivate, we believe, further de- 
velopments of the approach. 
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